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Construct Coordinate Space Formula VENPE=ERENT

Matrix Element
Neutral Pion Transition Form Factor [Ji and Jung, 2001, Feng et al., 2012, Grardin et al., 2016]
Mo (a1, 2) = /d“ue*"qr“*fqz‘v O] T{idp(u)idu(V)} |7°(p)

= 47T2,__ ——€uvpa 1,0 %2, F(ai, 43)

Coordinate Space Formulation

(O] T{idyu(w)idy (v)} |7°(p)) = Cuvpe (—i08)(=i0%) [F/(p - (u = v), (u— v)?)e? |

2F

Give the Result with the Pion Operator:

— ! u 2 0
=(0| ew,pg/o dx [—BPFC(X, (u—v)?)] Ao (xu + (1 = x)v) |7r (P))

i
472 F,
where

o0 .
F'(P (u=v),(u— V)2) — / dxFe(x, (u— V)Z)elxp»(ufv)

Fe(x,(u—v)?)=0ifx<0orx>1
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Construct Coordinate Space Formula Proof
Proof

When u; = v; (also p- (u— v) is a real number), define Fc(x,(u — v)?) to be the Fourier
transformation of F/(p - (v — v), (u— v)?):

Floru=v) (=) = [ dxbelx (a = v2)e>

Then, we have:
(O T{idp ) ()} [7°(P)) = 4 cpwr (~i0})(~i0) / e (x, (1 — v)2)e (et 1=2v)

Consider the following three point function (assuming us, v+ > w;) by inserting the pion
d3p 0/ = 1 o=\
@) |7°(8)) %o (m°(P)]:

projection operator :‘Sﬂ.o =/

(of T{’Ju( u)idy (v)}Prom®(w) [0)
471_2,__ em,pg/ dx [—05 Fe(x, (u=v)»)] s G(xu+ (1 - x)v — w)
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Fele (u = vy inx € 0.1
Fe(x, (u—v)?) in x € [0,1]

Select w = x"u + (1- X/)V + €, where ¢ is a very small distance, we get:
(0] T{idu(u)idy (v)}Pro7®(w) |O)

:ﬁ@wﬂa /_o:o dx [—8;,’Fc(x, (u— v)2)} 0-G((x — x")(u—v)—¢)

In the area of x’ > 1 or x’ < 0, (0] T{iJyu(u)id(v)}P,om®(w) |0) should be finite when ¢ — 0,
but the above formula suggest a singularity behavior of 8, G((x — x")(u — v) — €). This implies
that:

Fe(x,(u—v)?)=0ifx<Oorx>1

Then the integral becomes from 0 to 1:
(O T{iJu(u)idy ()} |7°(5))
i . i _
:m‘fuupff /0 [ 8pFC(X7 (U _ V)2)] ng-elp (xu+(1—x)v)
or, in pion operator expression:

i

1
_ (0| mewgfo ¢ [~ Fe(x, (u — v)?)] Bom® (e + (1 — x)v) [7(5))
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[@NEINTEREIIE R EIN I TEM  Convert F- to Momentum Space Form Factor

Convert F. to Momentum Space Form Factor and the Property of F.

Let v =0 and p = g1 + g2, we get mapping from F. to momentum space form factor:

. 1 .
F(q%,qg):/d“u ef’ql'”/o dx Fc(x,u2)e"<p'“

In the Chiral limit and =0, g1 =0, F(¢? — 0,92 — 0) = 1, and:

1
/d4u/ dx Fe(x,u?) =1
0
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OPE analysis

When u and v are very close, we have such approximation [Gerardin et al., 2016]:

d4p eip»(ufv) _ (U—V)p’Yp
@m)* ippyp +m  27%((u— v)2)?

o~ [

T [ip(u)yutp(u)] [id(v)vutp(v)]

~— %&(U)%ﬁp%w(v) - %&M%%WMU)

= ‘% [$(u)7e75%(v) + D(V)rer53(u)]

Consider the definition of pion form factor:
(0] 6(u)yo50(u) [72(F) = Frpoe™ = (0] — iFrdym(u) |°(B)
Analogously, the two current operator can be shown as follow:

u+v
2

1, v are close i 2F72|. 1

T{iJu(u)id(v)} mfﬂwxﬂ(” —V)p 3 ((u—v)?)

0
5 | O (

)
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EICICIPZIEC  Parametrization

Parametrization

Do Fourier series expansion of F.(x, (u — v)?) (or other parametrization), using the fact that
0<x<1:

2F2 1
3 ((u—vp)?

xS fullu - v|)@sm((2n + 1)rx)

—OUFe(x, (u— v)?) =2(u — V), [

(0] Tidy (u)idh (v) | 7°(B))

€pvpo2(U — V) pips {

i 2F2 1
A2 F,

3 ((u=v)?)

X Z fn (|u - V M A sin((2n + 1)T|_X)eip<(xu+(1—x)v)dx
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Study r Dependence of the Coordinate Space Formulation

Define f(|r|): ) 2F2
u 2\1 _ bl
/0 dx [prFC(X,r )] =2r, [ 3 2)2} £(lrl)
that is:

F(Irl) =D fallrl)
n=0

Let u=r/2, v=—r/2and r =0, f =0, we have:

2
(0] Tidy(0, 7/2)idy (0, —F/2) |7°(F = 0)) = €pvpo2rpipo [E . } £(lrl)

1
4n2F, 3 ()2

Remember we also have the constrains from the pion decay width, which imply f(|r|) should

satisfy:
y /oo 262
— f(|r])2rdr =1
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RESHEETNIS  Point Source Propagator and Contraction

Point Source Propagator and Contraction

Propagator:
@ 1024 point source propagator in each configuration
@ 256 random area group chosen from the lattice
@ 4 random points per group

Three-Point Correlation Function:

COM(A, By tr) = D (01 Ju(0,77/2)4u (0, = /2) P (R, tx) |0) €%

Ir|=I7.%
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Resent Results

Ensembles

@ 24c64 Ensemble

Observable Fit % err.
aml, (my)  0.0022824(70)  0.31
amy 0.13975(10)  0.07
amy 0.504154(89)  0.02
amg 1.6726(25)  0.15
amy, 2.040(63) 3.09
afx 0.13055(11)  0.09
afi 0.15815(13) 0.09
Za 0.73457(11)  0.02
zy 0.72672(35)  0.05
zl 0.7390(11) 0.15
aE2, 0.28175(21)  0.08
adE? 0.002246(52)  2.31
ap 0.01775(21) 1.16
53(p) -0.339(12)°  3.40
mra} -0.0464(10) 2.23

Ensembles
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Figure: pion mass
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Plots

24c64 Lattice, 1024 Point Source Propagator
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/01 dx [—04Fc(x,r?)] = 2r, [?(;)2} f(|r])
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Resent Results IS

Partial integration f(7) tsep = 6
Partial integration f(r) tscp =

1 T T T T T T
08 | |
0.6 | ]
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02 | ]
0 i 1 1 1 1 1 1
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T
! 2F2 1
2 _ ks
/0 dx [~08Fo(x,1?)] =27, [TW} £(Irl)
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Resent Results IS

1.2 T T T T
f(r) tsep = 10 +—+—
b f(r) fit tsep =10 i
P~
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0.8 |+ -
_ |
g 0.6 |- T .
04 | i ]
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0 ! I ! |
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Fitting Formular: f(r) = (co + c1r + c2r?)e=077r
based on 24c lattice, 16 configurations.
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Resent Results IS

Partial integration f(r) tsep = 10
Partial integration f(r) fit tsep = 10
1.2 T T T : . ; l
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Integral function:

oo 2F2
= [
0 3
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